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Abstract
We give an Itoˆ formula for a general class of pseudo-differential oper-
ators.
1 Introduction
Let us recall what is the Itoˆ formula for a purely discontinuous martingale
t→Mt with values in R [1]. Let f be a C
2 function on R. We have
f(Mt) = f(M0) +
∫ t
0
f ′(Ms−)δMs +
∑
s≤t
f(Ms)− f(Ms−)− f
′(Ms−)∆Ms (1)
It is the generalization of the celebrated Itoˆ formula for the Brownian motion
t→ Bt on R [1]
f(Bt) = f(B0) +
∫ t
0
f ′(Bs)δBs + 1/2
∫ t
0
f”(Bs)ds (2)
A lot of of stochastic analysis tools for diffusions were translated by Le´andre in
semi-group theory in [6], [7], [8], [10], [11], [14], [15], [16], [18]. Some basical
tools of stochastic analysis for the study of jump processes were translated by
Le´andre in semi-group theory in [11], [12], [19]. For review on that, we refer to
the review of Le´andre [9], [17].
Le´andre has extended the Itoˆ formula for the Brownian motion to the case
of some classical partial differential equations in [19], [21], [22], [23]. In such
a case, there is until now no convenient measure on a convenient path space
associated to this partial differential equation. In [23], we have extended the Itoˆ
formula for jump process for an integro-differential generator when there is until
now no stochastic process associated. Jump processes are generically generated
by pseudo-differential operators which satisfy the maximum principle [5].
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In this paper, we give an Itoˆ formula for a general class of positive elliptic
pseudo differential operators. For material on pseudo-differential operators, we
refer on [2], [3], [4] and [5]. Since the considerations below on pseudo-differential
operators are more and less classical, we won’t enter in the technical details of
the proof.
2 The two semi-groups
Let uˆ be the Fourier transform of a smooth function u on Rd. Let a(x, ξ) be a
global symbol of order m on Rd. It is a smooth function from Rd × Rd into C
such that for all k, k′
sup
x∈Rd
|DkxD
k′
ξ a(x, ξ)| ≤ Ck,k′ |ξ|
m−k′ (3)
We say that a global symbol of order m is elliptic if for |ξ| > M
inf
x∈Rd
|a(x, ξ)| ≥ CM |ξ|
m (4)
We consider the proper pseudodifferential operator associated to the symbol a:
the Fourier transform of L0u is given by∫
Rd
a(x, ξ)uˆ(ξ)dξ (5)
We consider its adjoint L∗
0
on L2(dx) and we put L = L∗
0
L0.
All the considerations of [2] which were valid on a compact subset of Rd are
still true because (3) and (4) are valid globally. In particular, L is essentially
selfadjoint on L2(dx) and generates a contraction semi-group Pt on L
2(dx).
Let us consider a smooth function f from Rd into R with compact support
and a smooth function v with compact support from Rd × R into C. (x, y)
denotes the generic element of Rd × R. We consider the smooth function from
Rd into R vˆ
vˆ(x) = v(x, f(x)) (6)
We consider the function v from Rd × R into C
(x, y)→ v(x, y + f(x)) (7)
We apply Lto v, y being frozen. We get a function Lv. We put
(Lˆv)(x, y) = (Lv)(x, y − f(x)) (8)
Definition 1 Lˆ is called the Itoˆ transform of L.
We remark that (x, y)→ (x, y+f(x)) is a diffeomorphism of Rd×R which keeps
the measure dx⊗ dy invariant. This shows:
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Theorem 2 Lˆ is positive symmetric on L2(dx ⊗ dy). It admits therefore a
self-adjoint extension still denoted Lˆ. This self-adjoint extension generates a
semigroup Pˆt of contraction on L
2(dx⊗ dy)
We get
Theorem 3 (Itoˆ formula)We have the relation for all smooth function v with
compact support
Pt(vˆ)(x) = (Pˆt(v))(x, f(x)) (9)
Remark:If we consider the generator L =
∑
X2i where the Xi are smooth
vector fields, Lˆ =
∑
Xˆ2i where
Xˆi = (Xi, < Xi, df >) (10)
which corresponds to the generator of [19], [21], [22]. Analogous remark holds
for the considerations of [23].
3 Proof of the Itoˆ formula
Lemma 4 If v is a smooth function on Rd × R whose all derivatives belong to
L2, Pˆtv is still a smooth function whose all derivatives belong to L
2.
Proof: Let
L1 = Lˆ+ (−
∂2
∂y2
)m/2 (11)
L commute with Lˆ. Therefore, for all k
(L
k
1
)Pˆt = (Pˆt)(L
k
1
) (12)
If v satisfies the hypothesis, Pˆtv belongs to the domain of L
k
1
. But L is the
transform of
L˜ = L+ (−
∂2
∂y2
)m/2 (13)
under the change of variable (x, y) → (x, y + f(x)). Therefore Pˆtv belongs to
the domain of L˜k. The result arises by Garding inequality.♦
Let φ be a smooth function from Rd into [0, 1], equals to 0 if |ξ| ≥ 2 and
equals to 1 if |ξ| ≤ 1. We consider the global symbol
aλ(x, ξ) = φ(ξ/λ)a(x, ξ) (14)
and the operator L0,λ, L
∗
0,λ associated to it. Classically
L0,λu(x) =
∫
Rd
Kλ(x, y)u(y)dy (15)
L∗
0,λu(x) =
∫
Rd
Kλ(y, x)u(y)dy (16)
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Lemma 5 If u is smooth whose all derivative belong to L2, then (L0 − L0,λ)u
tends to zero as well as all his derivatives and in L2 when λ → ∞. The same
holds for (L∗
0
− L∗
0,λ)u.
Proof:(L0 − L0,λ)u is given by the oscillatory integral∫ ∫
R×Rd
exp[2pii < x− y|ξ > (1− φ(ξ/λ))a(x, ξ)u(y)dydξ (17)
The result holds by integrating by parts in y. Analog statement work for (L∗
0
−
L∗
0,λ)u. ♦
Proof of the Itoˆ formula:We put
Lλ = L
∗
0,λL0,λ (18)
Lλ is a continuous operator acting on bounded continuous function on R
d en-
dowed with its uniform norm. The same is true for its Itoˆ transform Lˆλ. There-
fore Lλ generates a semi-group Pλ,t on bounded continuous functions on R
d.
Lˆλ generates a semi-group Pˆλ,ton bounded continuous functions on R
d × R.
Moreover if u and v are bounded continuous,
Pλ,tu =
∑
1/n!Lnλu (19)
and
Pˆλ,tv =
∑
1/n!Lˆnλv (20)
But
Lnλvˆ(x) = (Lˆ
n
λv)(x, f(x)) (21)
Therefore
Pλ,tvˆ(x) = (Pˆλ,tv)(x, f(x)) (22)
But (Pˆλ,t − Pˆt)(v) is solution of the parabolic equation
− d/dtvt = Lˆλvt + (Lˆλ,t − Lˆ)Pˆtv (23)
with initial condition 0. The result arises from the two previous lemma, by the
method of variation of constants since Pˆλ,t is a semi-group of contraction on
L2(dx ⊗ dy). This shows that for λ→∞
Pˆλ,tv → Pˆtv (24)
in L2(dx ⊗ dy). Similarly, in L2(dx)
Pλ,tvˆ → Ptvˆ (25)
We remark that Lˆλ commute with L1. Therefore
(L
k
1
)(Pˆλ,t − Pˆt)v = (Pˆλ,t − Pˆt)(L
k
1
v) (26)
By a similar argument to the proof of lemma (4), we can show that the conver-
gence in (24) and (25) works for the uniform topology and not in L2 only. This
shows the result.♦
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